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Relaminarization of wall-bounded turbulent flows by means of external static magnetic fields is a
long-known phenomenon in the physics of electrically conducting fluids at low magnetic Reynolds
numbers. Despite the large literature on the subject, it is not yet completely clear what combination
of the Hartmann (M) and the Reynolds number has to be used to predict the laminar-turbulent
transition in channel or pipe flows fed by upstream turbulent flows free of magnetic perturbations.
Relying upon standard phenomenological approaches related to mixing length and structural con-
cepts, we put forward that M/Rτ , where Rτ is the friction Reynolds number, is the appropriate
controlling parameter for relaminarization, a proposal which finds good support from available ex-
perimental data.
The laminar-turbulent transition of electrolyte or liq-
uid metal flows at low magnetic Reynolds numbers
(Rm  1), where external magnetic fields are negligi-
bly affected by polarization effects [1–4], is a challenging
scientific problem of great technological interest. As it
was discovered long ago by Hartmann and Lazarus [5],
turbulent flows of electrically conducting fluids can be re-
laminarized when subject to large enough magnetic fields
[6]. Applications are found in flow control [7, 8], in semi-
conductor crystal growth [9, 10], in the design of tritium
breeding blankets for fusion reactors [11, 12], and in steel
casting [13, 14]. In all of these domains, the essential
issue is to understand whether laminar or turbulent flow
regimes will take place under the presence of magnetic
fields for a variety of boundary conditions.
Flow control by magnetic fields is a promising strategy
for the thermal protection of spacecrafts during atmo-
spheric reentry, while laminar flows of melted steel are
welcome in casting processes in order to avoid particu-
late entrainment at the steel-air interface, and also in
semiconductor growth technology, for homogeneity en-
hancement in the production of silicon ingots. In fusion
research, in contrast, one is interested to prevent turbu-
lence attenuation of the coolant flow (one of the roles of
tritium blankets) associated to the strong magnetic fields
produced by the fusion plasma.
Dynamic similarity for incompressible electrically con-
ducting flows is parameterized by two dimensionless
quantities, the Hartmann (M) and Reynolds (Re) num-
bers [1–4], which are estimates, respectively, of the ra-
tio of magnetic and inertial forces to viscous forces. It
turns out that in the asymptotic limit of high magnetic
fields, pipe or channel flows become laminar with drag
coefficients proportional to M/Re. As the magnetic field
intensity decreases or the Reynolds number gets larger,
flow instabilities come into play and turbulence eventu-
ally resumes.
The original discussions presented in the seminal pa-
pers [5, 15–17] have proposed that M/Re should work as
a controlling parameter for the laminar-turbulent tran-
sition – an educated guess that still percolates in much
of the recent literature. However, broadly acknowledged
and careful pipe flow experiments performed by Gardner
and Lykoudis [18] almost fifty years ago, established that
critical values of M/Re actually depend on the Reynolds
numbers at the laminar-turbulent transition point, a fact
emphasized by Tsinober [19] and further discussed by
Branover [20], who proposed that a more accurate tran-
sition criterion would be given by M/Reα, where the
exponent α is slightly smaller than unity. Narasimha
pointed out, subsequently, that relaminarization could
be related to flow regimes where magnetic forces domi-
nate Reynolds stress gradients [21], an observation that is
closely related to the arguments we address in this paper.
Our aim is to model the Gardner-Lykoudis measurements
of the laminar-turbulent transition, having in mind con-
temporary ideas about the role of coherent structures in
wall-bounded flows.
After a relatively long period of occasional contribu-
tions that followed the pioneering works in the structural
approach to hydrodynamic turbulence [22–27], there is
currently a flurry of research in the field [28–30]. Among
many interesting developments, one may single out, for
the sake of illustration, the discussion on vortex iden-
tification criteria [31] and the associated visualization
studies based on optical techniques [32], the modeling
of a number of phenomena, as the spatial dependence
of statistical moments in boundary layers [33, 34], the
derivation of pipe friction coefficients for turbulence with
Newtonian [35] and non-Newtonian fluids [36], and the
scaling structure of attached eddies [37, 38]. Coherent
structures have, similarly, been the focus of great atten-
tion in magnetohydrodynamics, as in the investigation
of the dynamo effect [39], particulate deposition in duct
flows [40], magnetic reconnection [41], and solar wind
heating [42], to name just a few examples out of a myr-
iad of studies.
The dynamic evolution of a neutral fluid of mass den-
sity ρ, dynamic viscosity µ, and conductivity σ, which
is subject to a static uniform magnetic field ~B, is gov-
erned, at low Rm (when fluctuations of the magnetic field
are quickly damped), by the electromagnetically forced
ar
X
iv
:1
90
9.
13
28
9v
1 
 [p
hy
sic
s.f
lu-
dy
n]
  2
9 S
ep
 20
19
2Navier-Stokes equations [1–4],
∂t~v+ ~v · ~∇~v = −~∇P + ν∇2~v+ σ
ρ
(
−~∇φ+ ~v × ~B
)
× ~B ,
(1)
where the usual incompressibility constraint, ~∇ · ~v = 0
is imposed, ν = µ/ρ is the kinematic viscosity, and the
electric potential φ satisfies the Poisson’s equation
∇2φ = ~∇ · (~v × ~B) . (2)
Considering a statistically stationary flow in a pipe of
diameter D, with bulk velocity U , the dynamic equations
can be rewritten in dimensionless form with the help of
the following substitutions,
~v → U~v , P → ν U
L
P , φ→ UDφ , ~r → D~r , t→ L
2
ν
t .
(3)
Equation (1) becomes, then,
∂t~v+Re(~v·~∇~v) = −~∇P+∇2~v+M2
(
−~∇φ+ ~v × Bˆ
)
×Bˆ ,
(4)
where
Re ≡ UD
ν
(5)
is the Reynolds number for the flow, Bˆ ≡ ~B/B is the
versor parallel to the magnetic field, and
M ≡ BD
√
σ
µ
(6)
is the Hartmann’s number for the magnetohydrodynamic
system.
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FIG. 1: Quasi-streamwise vortices, which are distant from
the wall S by a few viscous lengths, move from region I, free
of magnetic forces, to region II, where they are annihilated
due to the presence of a static and uniform external magnetic
field.
In typical low Rm experiments which probe the
laminar-turbulent transition, a pipe or channel turbulent
flow enters a region subject to a uniform magnetic field.
Near-wall coherent structures, mainly quasi-streamwise
vortices, will lose kinetic energy (and angular momen-
tum, as well) due to the dissipative action of the magnetic
field as they are carried by the mean stream. A sketch
of this phenomenological picture is shown in Fig. 1. If
the magnetic field is strong enough, the quasi-streamwise
vortices eventually disappear downstream and, as a con-
sequence, vorticity fluctuations associated to vortical
structures cannot be propagated anymore from the wall
to the bulk of the flow, which, then, becomes laminar.
In order to get an asymptotic criterion for magnetic
relaminarization, we assume, as a reasonable simplifica-
tion, that quasi-streamwise vortices are perfectly axisym-
metric and aligned with the wall (a grounded insulated
surface), which is taken to be perpendicular to the mag-
netic field lines. In this case,
~∇ · (~v × ~B) = 0 , (7)
implying, from Eq. (2), that the scalar field φ vanishes.
The power per unit volume provided by the magnetic
force is, thus,
PB ≡ σ~v ·
[(
~v × ~B
)
× ~B
]
= σ
[
(~v · ~B)2 − ~v2 ~B2
]
≤ 0 .
(8)
The non-positiveness of PB tells us that quasi-streamwise
vortices are in fact dissipated by the transverse magnetic
field. Referring back to Fig. 1, the vortical structures
that cross from region I to region II are furthermore sup-
posed to have translation/core rotational velocities and
linear dimensions that scale with the friction velocity uτ
and the viscous length ` [43, 44]. The total power injected
per vortex into region II can, therefore, be straightfor-
wardly estimated as
Pin ∼ ρu3τ `2 . (9)
On the other hand, the power dissipated per vortex in
region II, due to the presence of the magnetic field is
analogously expected to be, from (8),
Pout ∼ σu2τB2`3 . (10)
A sufficient condition for relaminarization in pipe flow is
naturally written as
Pout  Pin , (11)
which leads to
M
Rτ
 1 , (12)
where
Rτ ≡ uτR
ν
=
R
`
(13)
3is the usual definition of the friction Reynolds number in
pipe flows [45].
Condition (12) can be derived, actually, from the eval-
uation of the ratio between convective and magnetic dis-
sipative time scales in the very near-wall region. Still
keeping an eye on Fig. 1, it is suggested that coherent
structures produced by flow instabilities in the viscous
layer of region I, near the interface between regions I and
II, are transported to upper layers and dissipated by the
magnetic field in region II, within the respective time
scales
TC ∼ `
uτ
=
`2
ν
(14)
and
TB ∼ ρ
σB2
. (15)
A transition to the laminar flow regime is expected to
take place whenever TC/TB goes beyond a critical thresh-
old. Note, in particular, that
TC
TB
∼
(
M
Rτ
)2
, (16)
which yields an alternative interpretation of (12).
The physical picture that emerges here is that relam-
inarization occurs when magnetic dissipation is strong
enough to hamper the growth of small-scale velocity fluc-
tuations in the very near-wall region. As it is clear from
the equality relation given in (14), convective and viscous
dissipative processes have the same time scale TC at the
top of the viscous layer. To render the argument more
specific, recall the van Driest expression for the mean
velocity profile in turbulent boundary layers [45, 46],
u+(y+) =
∫ y+
0
2dy′
1 +
√
1 + 4`m(y′)2
, (17)
where y+ ≡ y/`, u+ ≡ u/uτ , and `m(y′) is the Prandtl
mixing length at height y′ (in viscous length units) mod-
ulated by the van Driest damping function, viz.,
`m(y
′) = κy′[1− exp(−y′/A)] , (18)
with κ = 0.41 and A = 26. Introduce, now, as a way to
quantify the relative importance of magnetic and viscous
forces, the height-dependent sliding Hartmann number,
M?(y+), which in the units of Eq. (1) is
M?(y+) ≡
√√√√σ ∣∣∣(〈~v〉 × ~B)× ~B∣∣∣
µ |∇2〈~v〉|
=
M
2Rτ
√√√√ u+(y+)
d2
dξ2u
+(ξ)
∣∣∣
ξ=y+
. (19)
It turns out, from (17), that the RHS of (19) has a single
minimum at y+ = y+0 ' 5.5, for fixed M/Rτ .
We remark that the viscous layer is usually defined as
the region y+ < 5 ' y+0 . A condition for the annihilation
of coherent structures produced by shear instabilities in
the viscous layer – the seeds of bulk turbulence – can
be put forward, therefore, as M?(y+0 ) > C, for some
critical parameter C. This implies, due to the properties
of (19), that M?(y+) > C for any y+, which indicates the
damping action of the magnetic field over the boundary
layer as a whole. We are led, then, to the conjecture that
turbulence is suppressed if
M
Rτ
> 2C
√√√√√ d2dξ2u+(ξ)
∣∣∣
ξ=y+0
u+(y+0 )
. (20)
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FIG. 2: Sliding Hartmann numbers M∗(y+) for various ratios
M/Re, with Re = 104. The dotted lines give the position of
the minimum of M∗(y+) for M/Re = 1/200.
Using the standard definition of the friction factor f
in terms of uτ and U [45],
f = 8
(uτ
U
)2
, (21)
Eq. (19) is rewritten as
M∗(y+) =
M
Re
√√√√ 8
f
u+(y+)
d2
dξ2u
+(ξ)
∣∣∣
ξ=y+
. (22)
As it is well-known, the friction factor depends uniquely
on the Reynolds number (at fixed pipe relative rough-
ness). A useful relation for the smooth pipe case is the
Prandtl’s empirical formula
1√
f
= 2 log10(Re
√
f)− 0.8 , (23)
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FIG. 3: Open and closed circles refer, respectively, to the
values of M/Re obtained by Gardner and Lykoudis [18],
for the laminar-to-turbulent and turbulent-to-laminar tran-
sitions. The solid line is a parabolic fit to the measured data.
which yields pragmatically accurate results for a large
range of turbulent Reynolds numbers [45, 47]. Taking
Re = 104 in Eq. (22), where f is evaluated from (23),
we depict, in Fig. 2, graphs of M∗(y+) for various val-
ues of M/Re. A close look at experimental data [17, 18]
shows that relaminarization is produced, for Re = 104,
at M/Re ' 1/200. In this case, as it is indicated in
Fig. 2, M∗(y+0 ) ' 2/3. According to (20), identifying
C to M∗(y+0 ), we expect to have laminar flow for
M
Rτ
> 0.16 . (24)
To check the constancy of M/Rτ at the laminar-
turbulent transition for various Reynolds numbers, we
explore the critical values of M/Re measured by Gardner
and Lykoudis [18]. Their values were obtained through
visual inspection of the streamwise velocity signals pro-
duced by hot-film anemometry at many different radial
and axial angular positions of the pipe’s cross section,
up to the minimum distance to the wall ∆+ = 0.03Rτ ,
so that, approximately, 10 < ∆+ < 100, for the cov-
ered range of Reynolds numbers. A parabolic fit of the
Gardner-Lykoudis data, in monolog scale, is shown in
Fig. 3.
The measured critical values of M/Re change by ap-
proximately 20% around their mean, as the Reynolds
number is varied from 104 to 3 × 105. Working instead
with critical values of M/Rτ , we find that their variations
drop to below 5% around the mean, as it is reported in
Fig. 4. These results provide strong support to the phe-
nomenological picture of relaminarization by the mag-
netic suppression of near-wall coherent structures.
It is interesting to note that M/Rτ yields, actually,
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FIG. 4: The solid line gives values of M/Rτ , normalized by
the mean value of the measured sample, as a function of the
Reynolds number Re. These values are obtained from the
Hartmann numbers extracted from the parabolic fit for M/Re
(Fig. 3), and from the friction Reynolds numbers evaluated
through Eqs. (5), (13), (21), and (23). The dashed lines
indicate the accuracy range of 5% for the predicted values of
M/Rτ .
a suggestive parameterization of the effects of external
magnetic fields on wall-bounded flows: M/Rτ is just the
ratio of the viscous length ` of the “would-be turbulent
boundary layer” at high Reynolds numbers and negligible
magnetic fields to the thickness of the “would-be lami-
nar Hartmann boundary layer”, R/M , at high magnetic
fields and small Reynolds numbers.
Our analysis has been restricted to the problem of re-
laminarization where the inlet turbulent flow has been
previously produced without magnetic forcing, a bound-
ary condition of practical relevance in many applications.
It is not obvious at all, however, if at asymptotic far dis-
tances from the inlet the same critical relation (24) be-
tween the Hartmann and Reynolds numbers would hold
for a prediction of the laminar-turbulent transition. Loop
experiments [48], which are likely to be related to this
issue, seem to indicate that this is not so. In other
words, while (24) would still imply in laminar flow, lam-
inar asymptotic regimes could be induced by the action
of magnetic fields of relatively lower intensity.
A main message from the above considerations is that
low Rm magnetohydrodynamics, with particular focus on
the laminar-turbulent transition, can be an interesting
way to probe and investigate (both experimentally and
numerically) the intricate dynamics of near-wall coherent
structures in pure hydrodynamics.
5ACKNOWLEDGMENTS
The author thanks A. Barreto, D. Cruz, A. Freire, F.
Ramos, E. Soares, and members of the PRIMATE (Pipe
Rig for the Investigation of Magnetically Affected Tur-
bulence in Electrolytes) Collaboration, D.J.C. Dennis, R.
Ja¨ckel, J. Loureiro, and B. Magacho, for several interest-
ing discussions. This work has been partially supported
by CNPq and Petrobras (COPPETEC project number
20459).
[1] R. Moreau, Magnetohydrodynamics, Kluwer Academic
Press (1990).
[2] B. Knaepen and R. Moreau, Annu. Rev. Fluid Mech. 40,
40 (2008).
[3] P.A. Davidson Introduction to Magnetohydrodynamics,
Cambridge University Press (2017).
[4] M. K. Verma, Rep. Prog. Phys. 80, 087001 (2017).
[5] J. Hartmann and F. Lazarus, Mat. Fys. Medd. K. Dan.
Vidensk. Selsk. 15, 1 (1937).
[6] For an interesting set of numerical simulations see D.
Lee and H. Choi, J. Fluid Mech. 439, 367 (2001); H.
Kobayashi, Phys. Fluids 20, 01502 (2008); R. Chaud-
hary, S.P. Vanka, and B.G. Thomas, Phys. Fluids 22,
075102 (2010); D. Krasnov, O. Zikanov, and T. Boeck,
J. Fluid Mech. 704, 421 (2012); O. Zikanov, D. Krasnov,
T. Boeck, A. Tess, and M. Rossi, App. Mech. Rev. 66,
03082-1 (2014).
[7] A.B. Tsinober, MHD Flow Drag Reduction in Viscous
Drag Reduction in Boundary Layers, edited by J.N.
Hefner and D.M. Bushnell, American Institute of Aero-
nautics and Astronautics, Inc. Washington DC (1990).
[8] L. Kai, L. Jun, and L. Weiqiang, Acta Ast. 136, 248
(2017).
[9] K. Hoshikawa, Jpn. J. Appl. Phys. 21, L545 (1982).
[10] Q. Chen, Y. Jiang, and J. Yan, M. Qin Prog. Nat. Sci.
18, 1465 (2008).
[11] H. Moriyama, A. Sagara, S. Tanaka, R.W. Moir, and
D.K.Sze, Fusion Eng. Des. 39–40 627 (1998).
[12] T. Ihli, T.K. Basu, L.M. Giancarli, S. Konishi, S. Malang,
F. Najmabadi, S. Nishio, A.R. Raffray, C.V.S. Rao, A.
Sagara, and Y. Wu, Fusion Eng. Des. 83, 912 (2008).
[13] P.A. Davidson, Annu. Rev. Fluid Mech. 31, 273 (1999).
[14] R. Chaudhary, B.G. Thomas, and S.P. Vanka, Metallurg.
Mater. Trans. B 43, 532 (2012).
[15] W. Murgatroyd, Phil. Mag. 44, 1348 (1953).
[16] P.S. Lykoudis, Rev. Mod. Phys. 32, 796 (1960).
[17] E.C. Brouillette and P.S. Lykoudis, Phys. Fluids 10, 995
(1967).
[18] R.A. Gardner and P.S. Lykoudis, J. Fluid Mech. 47, 737
(1971).
[19] A.B. Tsinober, Magn. Gidrodin. 11, 7 (1975).
[20] H. Branover, Magnetohydrodynamic Flow in Ducts, John
Wiley & Sons, New York (1978).
[21] R. Narasimha Relaminarization—Magnetohydrodynamic
and Otherwise in Liquid-Metal Flows and Magnetohydro-
dynamics, Edited by H. Branover, P.S. Lykoudis, and A.
Yakhot, American Institute of Aeronautics and Astro-
nautics, Inc. New York (1983).
[22] A.A. Townsend, Math. Proc. Camb. Philos. Soc. 47, 375
(1951).
[23] T. Theodorsen, Mechanism of Turbulence in Second
International Midwest Conference on Fluid Mechanics,
Ohio State University, Columbus (1952).
[24] A.A. Townsend, The structure of turbulent shear flow,
Cambridge University Press (1976).
[25] A.E. Perry and M. Chong, J. Fluid Mech. 119, 173
(1982).
[26] A.E. Perry and I. Marusic, J. Fluid Mech. 298, 361
(1995).
[27] I. Marusic and A.E. Perry, J. Fluid Mech. 298, 398
(1995).
[28] D.J.C. Dennis, Ann. Braz. Acad. Sci. 87, 1161 (2015).
[29] J. Jime´nez, J. Fluid Mech. 842, P1 (2018).
[30] I. Marusic and J.P. Monty, Annu. Rev. Fluid. Mech. 51,
49 (2019).
[31] J.H. Elsas and L. Moriconi, Phys. Fluids 29, 015101
(2017).
[32] D.J.C. Dennis and T.B. Nickels, J. Fluid Mech. 673, 180
(2011).
[33] T.B. Nickels, I. Marusic, S. Hafez, N. Hutchins, and M.S.
Chong, Phil. Trans. R. Soc. A 365, 807 (2007).
[34] L. Moriconi, Phys. Rev. E 79, 046306 (2009).
[35] G. Gioia and P. Chakraborty, Phys. Rev. Lett. 96,
044502 (2006).
[36] H.R. Anbarlooei, D.O.A. Cruz, F. Ramos, and A.P.S.
Freire, Phys. Rev. E 92, 063006 (2015).
[37] X.I.A. Yang, I. Marusic, and C. Meneveau, J. Fluid
Mech. 791, R2-1 (2016).
[38] X.I.A. Yang, R. Baidya, P. Johnson, I. Marusic, and C.
Meneveau, Phys. Rev. Fluids 2, 064602 (2017).
[39] S.M. Tobias and F. Cattaneo, Phys. Rev. Lett. 101,
125003 (2008).
[40] P. Liu, S.P. Vanka, and B.G. Thomas, J. Fluid Eng. 136,
121201-1 (2014).
[41] N.F. Loureiro and S. Boldyrev, Phys. Rev. Lett. 118,
245101 (2017).
[42] E. Camporeale, L. Sorriso-Valvo, F. Califano, and A.
Retino` Phys. Rev. Lett. 120, 125101 (2018).
[43] J. Jime´nez, Phys. Fluids 25, 101302 (2013).
[44] C. Geng, G. He, Y. Wang, C. Xu, A. Lozano-Dura´n, and
J.M. Wallace, Phys. Fluids 27, 025111 (2015).
[45] S.B. Pope, Turbulent Flows, Cambridge University Press
(2000).
[46] E.R. Van Driest, J. Aeronaut. Sci. 23, 1007 (1956).
[47] B.J. McKeon, M.V. Zagarola, and A.J. Smits, J. Fluid
Mech. 538, 429 (2005).
[48] P. Moresco and T. Alboussie`re, J. Fluid Mech. 504, 167
(2004).
